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We express Schubert expansions of the Chern-Mather classes for
Schubert varieties in the even orthogonal Grassmannians via inte-
grals involving Pfaffians and pushforward of the small resolutions in
the sense of Intersection Cohomology (IH) constructed by Sankaran
and Vanchinathan, instead of the Nash blowup. The equivariant lo-
calization is employed to show the way of computing the integrals.
As byproducts, we present the computations. For analogy and the
completion of the method in ordinary Grassmannians, we also sug-
gest Kazhdan-Lusztig classes associated to Schubert varieties in the
Lagrangian and odd orthogonal Grassmannians.

1 Introduction 463

2 Chern-Mather classes and Kazhdan-Lusztig classes 468

3 IH-small resolutions of Schubert varieties in the
orthogonal Grassmannian OG(n,C2n) 475

4 Chern-Mather classes for Schubert varieties in the
orthogonal Grassmannian OG(n,C2n) 481

5 Kazhdan-Lusztig classes of Schubert varieties 493

Acknowledgements 503

References 504

1. Introduction

The Chern-Mather class, defined by MacPherson [28], is one of the character-
istic classes of singular varieties, along with the Chern-Schwartz-MacPherson
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class, the Chern-Fulton class [13, Example 4.2.6] and the Fulton-Johnson
class [14]. These characteristic classes are significant in classical algebraic ge-
ometry, since they generalize the Chern class c(TX) of a nonsingular variety
X. For an irreducible, quasi-projective complex (possibly singular) variety
X embedded in a nonsingular variety Y , the Mather class cM (X) of X is an
element in the Chow group (or homology) A∗(Y ) and defined through the
Nash blowup of X.

We consider Schubert varieties S(α), which in most cases are singular
varieties. In the case of the ordinary Grassmannians, so-called of Lie type
A, Jones [24] expressed the Chern-Mather classes of Schubert varieties by
integrations over Zelevinsky’s IH-small resolutions [40] (small resolutions
in the sense of Intersection Cohomology), without the Nash blowup and
computed the Mather classes by the use of equivariant localization. The
method relies on the irreducibility of the characteristic cycle CC(ICS(α))
associated to S(α) in simply laced Lie types.

Sankaran and Vanchinathan [37] constructed IH-small resolutions of
Bott-Samelson type for Grassmannian Schubert varieties in types D and
C. Our goal of this paper is to express the coefficients of the Schubert
expansion for the Chern-Mather classes of Schubert varieties in even or-
thogonal Grassmannians OG(n,C2n) of Lie type D, as in the category of
simply laced types, in terms of integrals involving Pfaffians along Sankaran
and Vanchinathan’s IH-small resolutions. When it comes to types B and
C, the expressions we found from IH-small resolutions for Schubert vari-
eties are for the Kazhdan-Lusztig classes investigated by Aluffi, Mihalcea,
Schuermann and Su [1, 2] as well as Mihalcea and Singh [29]. Essentially,
they turn out that Jones’ outcomes for the Chern-Mather classes coincide
with the Kazhdan-Lusztig classes [29, Page 15]. Since the Kazhdan-Lusztig
class is defined regardless of the irreducibility of characteristic cycles, we
further examine the Kazhdan-Lusztig classes of Schubert varieties in La-
grangian Grassmannians LG(n,C2n) of type C, and in the odd orthogonal
Grassmannians OG(n,C2n+1) of type B, aiming to complete the direction
of Zelevinsky’s IH-small resolutions by Jones for classical Lie types.

Our main result describes the Chern-Mather classes of Sankaran and
Vanchinathan’s IH-small resolutions for Schubert varieties in the even or-
thogonal Grassmannians (type D), Lagrangian Grassmannians (type C), and
the odd orthogonal Grassmannians (type B). Since the Chern-Mather class
of a non-singular variety is the same as the total Chern class of its tan-
gent bundle, we present the total Chern classes of them explicitly, using the
universal subbundles as follows.
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Theorem 1.1 (Total Chern class of the IH-small resolutions). Let
Zα ! S(α) be a IH-small resolution of a Schubert variety S(α) in types D,
C and B. Then the total Chern class of Zα is

(i) (Type D)

c(TZα) =

(
d∏

i=1

c((U i/W
L
i )

∨ ⊗ (WR
i /U i)) · c

(
∧2(Ud+1/W

L
d+1)

∨
)
)

(ii) (Type C)

c(TZα) =

(
d∏

i=1

c((U i/W
L
i )

∨ ⊗ (WR
i /U i)) · c

(
Sym2(Ud+1/W

L
d+1)

∨
)
)

(iii) (Type B)

c(TZα) =
( d∏

i=1

c((U i/W
L
i )

∨ ⊗ (WR
i /U i))

· c((Ud+1/W
L
d+1)

∨ ⊗ (U⊥
d+1/Ud+1))

· c
(
∧2(Ud+1/W

L
d+1)

∨
))
.

The above theorem is analogous to the total Chern classes of the reso-
lutions Zα over Schubert varieties in ordinary Grassmannians Gr(k,Cn) of
k-dimensional subspaces of a n-dimensional vector space over C by Jones
[24, Theorem 1.2.2] as

(Type A) cM (Zα) =
(∏d

i=1 c((U i/W
L
i )

∨ ⊗ (WR
i /U i))

)
.

Because of the isomorphisms of the odd orthogonal Grassmannians
OG(n,C2n+1) for type B and even orthogonal Grassmannians OG′(n+
1,C2n+2) (or OG′′(n+ 1,C2n+2)) for type D, the IH-small resolutions of
Schubert varieties can be identified with the ones in type D. The isomor-
phisms allow us to be able to interpret any statements in type D as in type
B. We refer reader to later sections (§4.1,§5.1,§5.2) for undefined notations
in Theorem 1.1.

The Kazhdan-Lusztig classes of Schubert varieties in isotropic or orthog-
onal Grassmannians can be signified as the pushforward of the total Chern
classes c(TZα) of the tangent bundles of any IH-small resolutions Zα, paral-
lel to the Chern-Mather classes as the pushforward of c(TZα) [2, 24]. Since
there is no explicit computation for the pushforward of the Chern classes of
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the tangent bundles of the IH-small resolutions of singularity except type
A, we offer how to calculate them for the other classical types.

The localization theorem for equivariant Chow groups [6] is employed
to compute the pushforward to the corresponding ambient Grassmannians
of Schubert varieties. We adapt the work by Pragacz [32, 33] who showed
Pfaffian formulas for the (co)homology classes of Schubert varieties in Grass-
mannians of isotropic subspaces of a vector space equipped with a nonde-
generate quadratic or symmetric form, commonly known as Schur P̃ or Q̃
functions in algebraic combinatorics, to find the coefficients γα,β ∈ Z of the

Schubert classes
[
S(β)

]
in π∗cM (Zα). Here π : Zα ! S(α) is the IH-small

resolution.
We obtain the following statements from the Bott Residue formula (The-

orem 4.9). Let T be a maximal torus in classical Lie types. By the restriction
of the T -action to a one-parameter subgroup C∗ ⊆ T with generic weights,
our formulas reduce to explicit computations of C∗-equivariant Chern classes
cC

∗

(E) and the Pfaffians P̃C
∗

λ (E) or Q̃C
∗

λ (E) for some C∗-equivariant vector
bundles E over a nonsingular variety and partitions λ = (λ1, . . . , λs). We
define |λ| := λ1 + · · ·+ λs. Let F be any connected components of Zα and
πF∗ : A

T
∗ F ! RT is the push-forward map induced by the map πF from F

to a point where RT is the T -equivariant Chow ring of a point.

Theorem 1.2 (Coefficients of Schubert classes).

(i) (Type D and B) Let Zα ! S(α) be a IH-small resolution for a Schubert
variety S(α) in the even orthogonal Grassmannian OG′(n,C2n) (resp.
OG′′(n,C2n)) or the odd orthogonal Grassmannian OG(n− 1,C2n−1).
Then the constant γα,β is the integration

γα,β =
∑

F∈ZC∗

α

πF∗



cC

∗

k (TZα|F ) · P̃C
∗

ρ(n−1)\β(U
∨|F ) ∩ [F ]

C∗

cC
∗

d (TZα)




where d = dim(Zα), k = d− |ρ(n− 1)\β|, and U is the universal tau-
tological subbundle on OG′(n,C2n) (resp. OG′′(n,C2n)) or OG(n−
1,C2n−1).

(ii) (Type C) Let Zα ! S(α) be a IH-small resolution for a Schubert variety
S(α) in the Lagrangian Grassmannian LG(n,C2n). The constant γα,β
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is given by

γα,β =
∑

F∈ZC∗

α

πF∗



cC

∗

k (TZα|F ) · Q̃C
∗

ρ(n)\β(U
∨|F ) ∩ [F ]

C∗

cC
∗

d (TZα)




where d = dim(Zα), k = d− |ρ(n− 1)\β|, and U is the universal tau-
tological subbundle on LG(n,C2n).

In Theorem 1.2, the Pfaffians P̃C
∗

λ (U) or Q̃C
∗

λ (U) are the square roots of
the determinants of a skew-symmetric matrix in cC

∗

(U). The exact defini-
tions of these Pfaffians will be discussed in §4, pg. 485- 489, and some useful
properties of Pfaffians can be found in [15, Appendix D]. The Chern classes
cC

∗

i (TZα) and Pfaffians P̃C
∗

ρ(n−1)\β(U
∨) and Q̃C

∗

ρ(n)\β(U
∨) can be computed

by formulas in the (equivariant version of) intersection theory, for instance
[13, §3, A.9] and [24, Lem. 5.1.4]. The examples of these computations are
included in Sections 4.2 and 5.1. These formulas for the coefficients γα,β are
analogous to the one for type A in [24] given by

(TypeA) γα,β =
∑

F∈ZC∗

α

πF∗

(
cC

∗

k (TZα|F ) · sC
∗

β∨(U∨|F ) ∩ [F ]
C∗

cC
∗

d (TZα)

)

where sC
∗

λ (U∨) is the Schur determinant of the s by s matrix whose (i, j)
entry is cC

∗

λi+j−i(U
∨), d = dim(Zα), k = d− |β∨|, and U is the universal tau-

tological subbundle on Gr(k,Cn).
In this manner, we eventually provide general explicit combinatorial

recipes calculating the Chern-Mather classes cM (S(α)) of Schubert varieties
in the orthogonal Grassmannians, which partially recovers consequences in
[29], and Kazhdan-Lusztig classes KL(S(α)) of Schubert varieties in La-
grangian Grassmannians, in respect of the (homology) class of Schubert
varieties S(β) ⊆ S(α) for some sequences α and β.

The key ingredient of our proof is the existence of IH-small resolutions
for Schubert varieties. N. Perrin [31] classified all minuscule Schubert va-
rieties that admit IH-small resolutions. It would be interesting to compute
the Chern-Mather classes or Kazhdan-Lusztig classes of minuscule Schubert
varieties via the small resolutions of Perrin. Beyond minuscule (or comi-
nuscule) Schubert varieties in G/P , Larson [27, Section 4] made IH-small
resolutions for Schubert varieties associated to certain Weyl group elements
from IH-small resolutions for the other Schubert varieties in G/B. It would
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also be of interest to apply our methods to Larson’s resolutions, expanding
the computations of Mather classes to special Schubert varieties in G/B.

Beside our approach by IH-small resolutions and the advent of Pfaffians
for types D, B and C, Mihalcea and Singh studied Mather classes from
resolutions for the conormal spaces of cominuscule Schubert varieties in the
equivariant setting [29]. We also refer to [35, 41] for degeneracy loci of several
types.

As for the Nash-blowup, Richmond, Slofstra and Woo computed the
Nash-blowup of cominuscule Schubert varieties and gave explicit correspon-
dences between the Nash-blowup and the Zelevinsky’s IH-small resolutions
[36]. One may determine the Mather classes from their Nash-blowup of Schu-
bert varieties in all cominuscule homogeneous spaces by the original defini-
tion.

2. Chern-Mather classes and Kazhdan-Lusztig classes

In this section we review some basic facts on Chern-Mather classes of cer-
tain complex algebraic varieties and Kazhdan-Lusztig classes of Schubert
varieties in G/P taking resolutions into account. Main references for this
section are [28] and [24, §2-§3], but we occasionally use [5, 19, 29].

2.1. Mather classes by resolution of singularities

Let M be a smooth algebraic variety over C and X an irreducible closed
subvariety of dimension n inM . Let Gr(n, TM) !M be the Grassmannian
bundle overM . TheGauss map G : X 99K Gr(n, TM) is a rational morphism
that assigns a smooth point x to the tangent space TxX of X at the point x.
The Nash blowup X̃ ofX is the closure of the image of G, and the tautological
Nash tangent bundle T is the restriction of the tautological sub-bundle of
Gr(n, TM) to the Nash blowup X̃.

Provided the Nash blowup ν : X̃ ! X, the Chern-Mather class cM (X)
of X is defined to be

cM (X) := ν∗

(
c(T ) ∩ [X̃]

)
∈ A∗(X).

If X is smooth, the tautological Nash tangent bundle T becomes its tangent
bundle TX so that the Chern-Mather class cM (X) is equal to the total
homology Chern class of X, i.e.,

cM (X) = c(TX) ∩ [X].
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One can use the functoriality of the Chern-Schwartz-MacPherson class
along with resolution of singularities to compute the Mather class in the
place of the Nash-blowup that does not have the functorial property. We
recall the definitions and notions of the local Euler obstruction and the
Chern-Schwartz-MacPherson class before we express the Mather class as
Chern-Schwartz-MacPherson classes.

Let X be a proper subvariety of a (quasi-projective) complex variety Y.
We denote by Bl : Y ′

! Y the blowup of Y along X with the exceptional
divisor E of Bl. The Segre class s(X ,Y) of X and Y is given by

s(X ,Y) = (Bl|E)∗
∑

j≥1

(−1)j−1
[
Ej
]
∈ A∗(X ),

where
[
Ej
]
:= c1(OY ′(E))j−1 ∩ [E ]. Given a fixed point p inX, the local Euler

Obstruction of X at p is the number

(2.1) EuX(p) :=

∫

ν−1(p)
c(T |ν−1(p)) ∩ s(ν−1(p), X̃)

by González-Sprinberg and Verdier [16] where s(ν−1(p), X̃) is the Segre class
of ν−1(p) in X̃. In fact the original definition of the local Euler Obstruction
is defined topologically by MacPherson. We note that EuX(p) = 1 if a point
p is smooth in X.

Let F∗(X) be the group of constructible functions on X and ✶W the
characteristic function of W for a closed subset W ⊂ X. The elements of
F∗(X) are expressed as a finite sum

∑
iai✶Wi

for ai ∈ Z and closed sub-
sets Wi ⊂ X. We observe that the local Euler obstruction EuX : X ! Z is
constructible with respect to a Whitney stratification ofX. Namely the func-
tion Eu(✶W )(p) assigning EuW (p) if p ∈W and 0 otherwise can be extended
linearly as a basis of F∗(X).

Taking for granted that f : X ! Y is a proper morphism, the push-
forward f∗ : F∗(X) ! F∗(Y ) induced by f is defined to be f∗(✶W )(p) =
χ(f−1(p) ∩W ) where χ is the topological Euler characteristic. The main
result by G. Kennedy [26] is the existence of the unique natural transforma-
tion c∗ : F∗ ! A∗ in the sense that firstly,

(2.2) c∗(✶X) = c(TX) ∩ [X]
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if X is smooth and secondly, the following functoriality holds: for any proper
morphism f : Y ! X, the diagram

F∗(Y ) A∗(Y )

F∗(X) A∗(X)

c∗

f∗ f∗

c∗

commutes. Let W be closed in X. The Chern-Schwartz-MacPherson (CSM)
class cSM (W ) of W is defined by the image of the characteristic function
✶W under the transformation c∗ as

cSM (W ) := c∗(✶W ).

We can also define the CSM class for locally closed subsets S of any fixed
variety M . That is, if S = X\Y for closed subsets X and Y in M , the CSM
class of S can be attained by

cSM (S) = cSM (X)− cSM (Y ).

In regard to a proper morphism i :M ! N satisfying that i∗ is injective, we
may write cSM (S) for i∗cSM (S) ∈ A∗(N). In fact, the injectivity of i∗ may
not be necessary if {Wi} are the Whitney stratification of N and M = Wi

is the closure of Wi. In this case, since ✶S is also constructible in N , cSM (S)
can be viewed as an element in A∗(N).

The local Euler obstruction EuX ∈ F∗(X) on X can be viewed as a
finite sum

∑
i ei✶Wi

of characteristic functions for any stratification {Wi}
of X where by definition ei is the local Euler obstruction EuWi

(p) of Wi

at any point p ∈ Wi. Since the Mather class cM (X) can be seen as to the
transformation, i.e., cM (X) = c∗(EuX), we have the Mather class

(2.3) cM (X) = c∗(
∑

i

ei✶Wi
) =

∑

i

eic∗(✶Wi
) =

∑
eicSM (Wi)

of X in connection with CSM classes.
We consider a Whitney stratification {Wi}i∈I of a variety M = ∪i∈IWi

for an total ordering index set I such that

1) Wi ⊂ Wj if and only if i ≤ j for i, j ∈ I, and

2) X = W i0 for some i0 ∈ I.
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Let π : Z ! X be a resolution of singularities of X. We assume the existence
of resolutions of singularities πi : Zi ! W i on each stratum W i for i ∈ I
and the restriction of the resolutions πi on any stratum Wj ⊂ W i as a fiber
bundle. Let di,j denote the topological Euler characteristic χ(π−1

i (p)) of the
fiber of the resolution π over any point p in some strata Wj for i, j ∈ I. Then
we land at

(πi)∗cM (Zi)
(a)

= (πi)∗cSM (Zi)(2.4)

(b)

= (πi)∗c∗(✶Zi
)
(c)

= c∗(πi)∗(✶Zi
) =

∑

j≤i

di,jc∗(✶Wj
).

Here the first equality (a) comes from the fact that the Chern-Mather class
coincides with CSM class if the variety is nonsingular, the second equality (b)
is by definition and the third one (c) by the naturality of the MacPherson
transformation c∗.

2.2. Mather classes via IH-small resolutions

Let X be an irreducible subvariety of a smooth complex algebraic varietyM .
By [17, §1.1], X admits a stratification, so that we can define the intersection
cohomology (IC) sheaf of X denoted by IC•

X [18, Intro.]. The IC-sheaf of X
is constructible with respect to any Whitney stratifications of M [24, §3.1],
and it is a (middle perversity) perverse sheaf on M .

A resolution π : Z ! X is IH-small (in the intersection cohomolgy sense)
if

codim {p ∈ X | dim π−1(p) ≥ i} > 2i

for all i > 0. This resolution is referred to by Totaro [39] as the IH-small res-
olution whereas Goresky and MacPherson [18] originally calls it the small
resolution. A conceivable reason to adapt name for π as the IH-small reso-
lution likely stemmed from the property that the intersection homology of
X is isomorphic to the ordinary cohomology of Z.

We use H•(X;C) to denote the ordinary cohomology of X with complex
coefficients. Let Db(X) be the constructible derived category on a (quasi-
projective) complex variety X and Rf∗ : D

b(X) ! Db(Y ) be the right de-
rived functor of the direct image functor for f : X ! Y of (quasi-projective)
complex varieties. Let CY be the constant sheaf in degree zero having stalk
C at all points of Y . If M is a smooth complex algebraic variety of the di-
mensionm, then we have IC•

M = CM [2m] where F [n]i indicates the complex



✐

✐

“6-Jeon” — 2023/9/2 — 2:04 — page 472 — #10
✐

✐

✐

✐

✐

✐

472 Minyoung Jeon

F i+n of sheaves F•. One may refer to [18] for these notations. The topolog-
ical relation between the locus Z and the base variety X can be found in
the following proposition by Goresky-MacPherson.

Proposition 2.1 ([18, §6.2]). Let X be a d-dimensional irreducible com-
plex algebraic variety. If π : Z ! X is a IH-small resolution of singularities,
then Rπ∗CZ [2d] ∼= IC•

X . In particular for a point p ∈ X,

χp(IC•
X) =

∑

i

(−1)idim H i(π−1(p);C) = χ(π−1(p))

where χp(IC•
X) denotes the stalk Euler characteristic of IC-sheaf at the

point p.

Let X = ∪i∈IWi be a subvariety of M for the total ordering index set
I. The sheaf ICX can be viewed as a perverse sheaf on M (via pushfor-
ward), hence its characteristic cycle CC(IC•

X) lives in the cotangent bundle
T ∗M . Furthermore, the characteristic cycle of IC-sheaf can be written as a
(conical) Lagrangian cycle

CC(IC•
X) =

∑

i∈I

γi(IC•
X) ·

[
T ∗
Wi
M
]
,

an element in the free abelian group generated by the conormal cycles[
T ∗
Wi
M
]
of Wi (cf. [7]). Here the integer γi(IC•

X) is the microlocal multi-
plicity of IC•

X along Wi. The cycle may be discussed in the perspective of
the category of holonomic DX -modules [9, §5.3] or topological link spaces
[9, Section 4.1]. For the IC-sheaf IC•

X , the local Euler obstruction along the
j-th stratum Wj in the closure of Wi can be related to the microlocal mul-
tiplicity of IC•

X and the stalk Euler characteristic χi(IC•
X) = χpi

(IC•
X) for

pi ∈ Wi as follows. (cf. [10, Theorem 3], [25, Theorem 6.3.1].)

Theorem 2.2 (Microlocal index formula for IC-sheaf). For any j ∈ I

χj(IC•
X) =

∑

i∈I

(−1)niEuWi
(Wj) · γi(IC•

X)

where ni is the dimension of Wi.

We mainly focus on the case where the variety X = W i0 ⊆M for some
i0 ∈ I admits a IH-small resolution π : Z ! X, especially on the subject of
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Chern-Mather classes of X. We say that the characteristic cycle of IC•
X is

irreducible if

CC(IC•
X) =

[
T ∗
Wi0

M
]
.

With an irreducible characteristic cycle of IC•
X , the proposition below tells

us a direct connection between the local Euler obstruction and the topolog-
ical Euler characteristic di,j (2.4) of the fiber of the resolution.

Proposition 2.3 ([24, Proposition 3.2.3]). Let π : Z ! X be a IH-small
resolution of singularities and the characteristic cycle of IC•

X is irreducible.
Then we have

di0,j = EuX(pj)

for pj ∈ Wj.

Under the assumption that the characteristic cycle of IC•
X is irreducible,

the Chern-Mather class of X can be achieved by a IH-small resolution of X
as follows.

Theorem 2.4 ([24, Theorem 3.3.1]). The Chern-Mather class of X is
the pushforward of the total Chern class of the variety Z as

cM (X) = π∗c(TZ).

Proof. Since Z = Zi0 and X = Xi0 , we have

cM (X)
(a)

=
∑

EuWj
(pj)c∗(✶Wj

)
(b)

=
∑

j≤i0

di0,jc∗(✶Wj
)
(c)

= π∗cSM (Z)

(d)

= π∗c(TZ)

where the equality (a) follows from (2.3), the second equality (b) by Proposi-
tion 2.3 and the third equality (c) by the equation (2.4). Lastly the smooth-
ness of Z guarantees the equality (d) by means of (2.2). □

2.3. Kazhdan-Lusztig classes of Schubert varieties

Let G be a complex semisimple Lie group, P a standard parabolic subgroup,
B a Borel subgroup, and B− the opposite Borel subgroup, with a maximal
torus T = B ∩B−1 such that T ⊂ B ⊂ P . Let W := N(T )/T be the Weyl
group of G where N(T ) is the normalizer of T . To be specific, our attention
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focuses on a classical group G, which is SL(n) for type A, Sp(2n) for type
C, SO(2n+ 1) for type B and SO(2n) for type D with their Weyl group
WA

n ,W
C
n ,W

B
n and WD

n .
For a classical group G, we denote by G/P the generalized flag manifold

andWP ⊂W the Weyl group of P . LetWP be the set of minimal representa-
tives of the coset W/WP , so that it has a role of an index set for the T -fixed
points (G/P )T . It is notorious that there is a one to one correspondence
between an element wα ∈WP and a partition α = (1 ≤ α1 ≤ · · · ≤ αs) for
some s: for instance in type A, the Weyl group WA

n is identified with the
symmetric group Sn so that an element wα ∈WP ⊂ Sn defines a partition
α by setting αs+1−k = n− w(k) + k and vice versa. So we may use α for the
element wα ∈WP by abuse of notation.

Let S(α)◦ := BwαP/P be a Schubert cell in G/P for wα ∈WP . For the
length function ℓ :W ! N, the Schubert variety S(α) whose dimension is
ℓ(wα) is the B-orbit closure BwαP/P of a T -fixed point pα := wαP/P . The
Schubert variety associated to the longest element w◦ ∈WP can be treated
as a homogeneous space G/P that possesses a Whitney stratification by its
sub-Schubert varieties S(β) for wβ ≤ w◦ in Bruhat order.

The Kazhdan-Lusztig (KL) class of a Schubert variety S(α) in G/P is
defined by

(2.5) KL(S(α)) =
∑

β

Pα,β(1)cSM (S(β)◦)

where Pα,β(q) is the Kazhdan-Lusztig polynomial. The KL class of a Schu-
bert variety turns out to be the pushforward of the total Chern class of the
IH-small resolution.

Theorem 2.5 ([1, Section 6, pag. 10]). Let S(α) be a Schubert variety
and π : Z ! S(α) a IH-small resolution of singularities over S(α). Then

KL(S(α)) = π∗c(TZ).

Proof. We know from [21, Theorem 12.2.5] that

Pα,β(1) =
∑

j

(−1)jdim Hj(IC(S(α)))pβ
,

where Hj(IC(S(α)))pβ
indicates the stalk of the j-th cohomology sheaf

Hj(IC(S(α))) of the IC-sheaf of the Schubert variety S(α) at a T -fixed point
pβ . Notably, Hj(IC(S(α)))pβ

vanishes for odd number j. Proposition 2.1 and
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[40, Proposition 1] yield that the stalk Hj(S(α))pβ
is isomorphic to the j-th

cohomology Hj(π−1(pβ);C) to get

χpβ
(IC•

S(α)) = Pα,β(1).

Let dα,β = χ(π−1(pβ)). Owing to (2.4) and Proposition 2.1 we have

π∗c(TZ) =
∑

β≤α

dα,βc∗(✶S(β)◦) =
∑

β≤α

Pα,β(1)cSM (S(β)◦)

= KL(S(α)).
□

We observe that the characteristic cycle CC(IC•
X) of the IC-sheaf is

irreducible if and only if the Kazhdan-Lusztig polynomial evaluated at q = 1
gives the local Euler obstruction

Pα,β(1) = EuS(α)(pβ)

for β ∈WP , which entails KL(S(α)) = cM (S(α)).

3. IH-small resolutions of Schubert varieties in the
orthogonal Grassmannian OG(n,C2n)

Throughout this section, we largely refer to [24] for some notations and
structures and [37] for Sankaran and Vanchinathan’s IH-small resolution for
Schubert varieties inside the even orthogonal Grassmannians of maximal
isotropic subspaces.

3.1. Schubert varieties in Grassmannians of type D

Let G = SO(2n) be the special orthogonal group in dimension 2n over C.
Let V be a vector space of rank 2n over C, equipped with a nondegener-
ate quadratic form. An isotropic subspace L of V is a subspace of V such
that L vanishes on the form, in other words, L ⊂ L⊥ with respect to the
symmetric form associated to the quadratic form. The projective homoge-
neous space G/P can be characterized as the even orthogonal Grassmannian
OG(n, V ) that parametrizes the maximal (rank n) isotropic subspaces of V .
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We consider a complete flag of isotropic subspaces

0 ⊆ V1 ⊆ · · · ⊆ Vn ⊆ (Vn−1)
⊥ ⊆ · · · ⊆ (V1)

⊥ ⊆ V

of V where (Vi)
⊥ = V2n−i and the rank of Vi is i. Let α = (1 ≤ α1 < α2 <

· · · < αs ≤ n) be a sequence of positive integers such that n− s is even.
For a fixed flag Vα1

⊆ · · · ⊆ Vαs
⊂ V in the partial flag FlD(α;V ) of

isotropic subspaces, the Schubert variety S(α) is given by the closure of the
locus called Schubert cell

S(α)◦ = {L | dim(L ∩ Vαi
) = i for all 1 ≤ i ≤ s}

⊂ OG′(n, V ) (resp. OG′′(n, V ))

associated to α. The dimension of the Schubert variety is
∑

i≤s αi + n(n−
s)− 1

2
n(n+ 1). In principle, the rank conditions may contain the case of

Vαs
= Vn to satisfy

dim(L ∩ Vn) ≡ n (mod 2) (resp. dim(L ∩ Vn) ≡ n+ 1 (mod 2)).

We say that the maximal isotropic subspace L for the first case is in the
same family as Vn and the later in the opposite family. Moreover, there is
another Schubert variety S(β) associated to a sequence β = (1 ≤ β1 < β2 <
· · · < βr ≤ n) so that S(β) ⊆ S(α) is if s ≤ r and α1 ≥ β1, . . . , αs ≥ βs.

3.2. IH-small resolutions of Bott-Samelson type

Given a Schubert variety associated to α, we can extract two sequences a =
(a1, . . . , ad) and q = (q1 < · · · < qd) such that ai is the length of consecutive
numbers in α, qi is the last number of the block from α. The equations for
the Schubert variety S(α) define the closure of

S(α)◦ = {L | dim(L ∩ Vqj ) = a1 + · · ·+ aj for 1 ≤ i ≤ d}

associated to the 2× d matrix of the form either

H :=

[
q1 · · · qd
a1 · · · ad

]

α

or

[
q1 · · · qd n
a1 · · · ad 1

]

α

,

based on its family. The following example illustrates the matrix.
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Example 3.1. Let n = 7 and α = (2, 3, 5). The matrix for the Schubert
variety S(α) in OG′(n, V ) is

H =

[
3 5
2 1

]

α

of d = 2.

We additionally have a sequence b = (b0, . . . , bd−1) from H by setting

bi−1 = qi − qi−1 − ai

for 1 ≤ i ≤ d and bd = n− qd with q0 = 0. In order for a IH-small resolu-
tion for S(α) to exist, there are two conditions imposed on α, a,b and q
that for a sequence α, either αs < n− s or αs = n, αs−1 ≤ n− s holds for
s ≥ 2, and that qd < n− ad and qd + (ai + · · ·+ ad) < n+ (bi + · · ·+ bd−1)
are fulfilled for i ≥ 1. Under the suppositions, we can build the IH-small
resolution of singularities for S(α) inductively as follows. For notational con-
venience, we choose a Schubert variety in OG′(n, V ) but one can read this
with OG′′(n, V ).

The first step is to pick the smallest i so that bi ≤ ai and ai+1 ≤ bi+1.
(One may let a0 = ∞ and bd = ∞.) We then take any subspace U1 of V
of dimension qi + ai+1 such that Vqi ⊆ U1 ⊆ Vqi+1

. For a fixed partial flag
0 ⊆ Vq1 ⊆ · · · ⊆ Vqi−1

⊆ U1 ⊆ Vqi+2
⊆ · · · ⊆ Vqd , the Schubert variety S(α1)

is defined by the closure of

S(α1)◦ = {L | dim(L ∩ Vqj ) = a1 + · · ·+ aj for j ̸= i, i+ 1,

dim(L ∩ U1) = a1 + · · · ai+1}.

Let us consider the locus

Z1 = {(U1, U) | U1 ∈ Gr(ai+1, Vqi+1
/Vqi), Vqi ⊆ U1, U ∈ S(α1)}

⊆ OG(qi + ai+1, V )×OG′(n, V )

with the second projection

p : Gr(ai+1, Vqi+1
/Vqi)×OG′(n, V ) ! OG′(n, V ).
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The restriction of the projection π0 = p|Z1
: Z1 ! S(α) on Z1 is a surjective

birational morphism. Given the matrix

H1 :=

[
q1 · · · qi + ai+1 qi+2 · · ·
a1 · · · ai + ai+1 ai+2 · · ·

]

α1

associated to the variety S(α1), we iterate this process to get the desingular-
ization π : Zd ! S(α) as the composition of the morphisms πi : Zi+1 ! Zi.
Here Zd is a subvariety of a product of G/Qi for a certain maximal parabolic
subgroups Qi, i.e.,

Zd = {(Ud, Ud−1, · · · , U1, U) | Uj ∈ Gr(aj+1,W
R
j /W

L
j ),

WL
j ⊆ Uj , U ∈ S(αd)}

in G/Q1 × · · · ×G/Qd ×OG′(n, V ) for each j ∈ {1, . . . , d}.
We notice that the variety Zd relies on the incidence condition WL

j ⊆
Uj ⊆WR

j at each procedure and the last incident condition for U = Ud+1 be-

comesWL
d+1 ⊂ Ud+1 ⊂ V . The following example gives the manner of finding

the IH-small resolution.

Example 3.2. Let G = SO(28) and V be a vector space of dimension 28
over C. Let 0 ⊆ V1 ⊆ · · · ⊆ V14 of V denote a fixed (isotropic) partial flag
whose subscript indicating its dimension, dim(Vk) = k. We select i = 0, 1, 2
in this order to have a IH-small resolution for S(α) associated to the matrix

H =

[
3 6 8
2 1 1

]

α

. To begin with, we obtain the following variety

Z1 = {(U1, U) | 0 ⊂ U1 ⊂ V3, U ∈ S(α1)}

in OG(2, V )×OG′(14, V ) where S(α1) is the closure of the locus defined
by dim(L ∩ V6) = 3 and dim(L ∩ V8) = 4 associated to a new matrix H1 =[
2 6 8
2 1 1

]

α1

. The next stage brings us to the variety

Z2 = {(U1, U2, U) | 0 ⊂ U1 ⊂ V3, U1 ⊂ U2 ⊂ V6, U ∈ S(α2)}

in OG(2, V )×OG(3, V )×OG′(14, V ) with the variety S(α2) associated to

H2 =

[
3 8
3 1

]

α2

. Finally we acquire the resolution Z = Z2 as

Z = {(U1, U2, U3, U) | 0 ⊂ U1 ⊂ V3, U1 ⊂ U2 ⊂ V6,

U2 ⊂ U3 ⊂ V8, U ∈ S(α3)}
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for S(α) inside OG(2, V )×OG(3, V )×OG(4, V )×OG′(14, V ). Here S(α3)

is associated to H3 =

[
4
4

]

α3

. As U ∈ S(α3) implies the closure of the locus of

dim(U ∩ U3) = 4, we may replace the condition by U3 ⊂ U ⊂ V . Thereupon,
the IH-small resolution for the Schubert variety S(α) becomes the locus

Zd = {(U1, U2, U3, U) | 0 ⊂ U1 ⊂ V3, U1 ⊂ U2 ⊂ V6,

U2 ⊂ U3 ⊂ V8, U3 ⊂ U ⊂ V },

with the projection Z ! S(α) sending (U1, U2, U3, U) to U .

From now on we write Zα in lieu of Zd. To sum up, the following theorem
is the overall aftermaths pertaining to the IH-small resolution for Schubert
varieties.

Theorem 3.3 (Sankaran and Vanchinathan). Let S(α) ⊂ OG′(n, V )
(resp. OG′′(n, V )) be a Schubert variety associated to a strictly increasing
positive sequence α of length s where n− s is even. Let H be either

[
q1 · · · qd
a1 · · · ad

]

α

or

[
q1 · · · qd n
a1 · · · ad 1

]

α

.

Let either αs < n− s or αs = n, αs−1 ≤ n− s for s ≥ 2. Let qd < n− ad and
(ad + · · ·+ ai)− (bd−1 + · · ·+ bi) < n− qd for i ≥ 1. Then

1) Zα is a nonsingular projective variety.

2) The projection π : Zα ! OG′(n, V ) is proper whose image is S(α) and
isomorphic over S(α)◦, so that it is a resolution of singularities.

3) π : Zα ! S(α) is the IH-small resolution.

The sequences a and b from α can be represented by a piecewise func-
tion y = |x| in the xy-plane whose ascending and descending segments
are b0, . . . , bd−1 and a1, . . . , ad respectively. It has known that if we have
S(β) ⊂ S(α), then the piecewise graph y = β(x) for β lies below the one
y = α(x) for α. The graph of these functions is depicted as Figure 1 with
b = (3, 1, 2) and a = (3, 2, 1) for α and b = (0, 2, 2) and a = (3, 4, 1) for β.

A capacity is a sequence c = (c0, . . . , cd) of integers encoding 1/
√
2 of

the distance measured vertically from the local minimums to the graph of
y = β(x). It is advantageous to set c0 = 0. In Figure 1, the capacity is c =
(0, 2, 4, 4).
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x

b0 a
1

b 1 a
2 b 2

a3
y = α(x)

c1

c2
c3
y = β(x)

Figure 1: (H,K)-sequence

Let π : Zα ! S(α) be the IH-small resolution. In the event that U is
a point inside of the Schubert cell S(β)◦, the Euler characteristic dH,c :=
χ(π−1(U)) of the fiber over a point U ∈ S(β)◦ is obtained by the following
formula.

Theorem 3.4 (Sankaran and Vanchinathan). Let H :=[
q1 · · · qd
a1 · · · ad

]

α

or

[
q1 · · · qd n
a1 · · · ad 1

]

α

with a sequence b = (b0, . . . , bd−1)

and capacity c = (c0, . . . , cd). Suppose that i is the smallest integer such
that bi ≤ ai and ai+1 ≤ bi+1 with H1 as above. Then we have

(3.1) dH,c =
∑

t≥0

(
ai+1 − ci + ci+1

ci+1 − t

)(
bi + ci − ci+1

ci − t

)
dH1,c(t)

where c(t) = (c0, . . . , ci−1, t, ci+2, . . . , cd).

We remark that the IH-small resolution π enables the function dH,c

on the Schubert variety S(α) to agree on the local Euler obstruction. The
following proposition is useful for the computation of the Chern-Mather
classes of Schubert varieties in the even orthogonal Grassmannians.

Proposition 3.5. Let π : Zα ! S(α) be a IH-small resolution of a Schubert
variety S(α) in OG′(n, V ) (resp. OG′′(n, V )). The following statements are
equivalent.

1) A point U ∈ S(β)◦ ⊂ S(α) is smooth in S(α)

2) π−1(U) is a point

3) dH,c = 1
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4) The capacity c is the sequence (0, . . . , 0)

Proof. We prove the direction of (4) to (3), as the rest can be found in [24,
Proposition 4.2.6]. Suppose c = (0, . . . , 0). It follows from the construction
that t must be 0. In this way dH,c = dH1,c(0) via

(
aj + cj − cj−1

cj − 0

)
=

(
bj−1 − cj + cj−1

cj−1 − 0

)
= 1.

By induction, dH1,c(0) = 1 is deduced by (c0, . . . , cj−1, 0, cj+1, . . . , cd) =
(0, . . . , 0). Henceforth, the result follows. □

4. Chern-Mather classes for Schubert varieties in the
orthogonal Grassmannian OG(n,C2n)

In this section we formulate an integration and its computation for the
Schubert expansion in Chern-Mather class of Schubert varieties for type D
in analogy to the version of type A by Jones [24]. Our type D Chern-Mather
class formula involves wedge products and Pfaffians (or Schur P-functions)
that are a major different part from type A.

4.1. Total Chern class of the IH-small resolutions

Recall V = C2n and the IH-small resolution

Zα = {(U1, U2, . . . , Ud, Ud+1) |WL
i ⊂ Ui ⊂WR

i ,W
L
d+1 ⊂ Ud+1 ⊂ V }

⊂ X :=

d+1∏

j=1

OG(kj , V ) for 1 ≤ i ≤ d

for a Schubert variety S(α) in the even orthogonal Grassmannian OG′(n, V )
(or OG′′(n, V )), where kd+1 = n with the projection map pri : X !

OG(ki, V ). Let V i be the isotropic subbundle of rank i on X whose fiber
is Vi from V• and U i the universal isotropic subbundle of V on OG(ki, V ).
By abuse of notation the subbundle can be seen as the pullback under the
projection pri to X and Zα.

We defineWL
i andWR

i to be the isotropic subbundles of V on X, with a
fiber over a point U• asW

L
i andWR

i respectively. Since Zα has the incidence
relations WL

i ⊂ Ui ⊂WR
i for 1 ≤ i ≤ d and WL

d+1 ⊂ Ud+1 ⊂ V , there must
be corresponding incidence conditions for the isotropic bundles on Zα as
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WL
i ⊂ U i ⊂WR

i for 1 ≤ i ≤ d and WL
d+1 ⊂ Ud+1 ⊂ V , in which WL

i and
WR

i are either an isotropic subbundle V i or a universal subbundle U i.
Let X(j) :=

∏j
i=1OG(ki, V ) and denote by ρj : X ! X(j) the projec-

tion map assigning (U1, . . . , Ud+1) to (U1, . . . , Uj) for 1 ≤ j ≤ d+ 1. We set
Z(j) = ρj(Zα), having the natural projections Z(j)

! Z(l) for j > l. Above
all, each Z(j) can be viewed as a (ordinary or orthogonal) Grassmannian
bundle on Z(j−1) as follows.

Proposition 4.1. Let li = ki − dim(WL
i ). For 2 ≤ j ≤ d, the natural pro-

jections Z(j)
! Z(j−1) is a Grassmannian bundle with a fiber identified with

Gr(lj ,W
R
j /W

L
j ). In case of j = d+ 1, the fiber of the map Z(d+1)

! Z(d) can

be considered as OG(kd+1, (W
L
d+1)

⊥/WL
d+1). Furthermore Z(1) is isomorphic

to the Grassmannian Gr(l1,W
R
1 /W

L
1 ).

Proof. It is known from the construction that

Z(j) = {(U1, . . . , Uj) |WL
i ⊂ Ui ⊂WR

i for 1 ≤ i ≤ j} ⊂ X(j).

By the constraint kj + aj+1 < n for 2 ≤ j ≤ d of the IH-small resolution, all
WR

i are subspaces of the maximal isotropic subspace Vn which is trivial as
isomorphic to Cn. As a result, the fiber

{Uj |WL
j ⊂ Uj ⊂WR

j } ⊂ OG(kj , V )

of Z(j)
! Z(j−1) over a point (U1, . . . , Uj−1) ∈ Z(j−1) is the ordinary Grass-

mannian Gr(lj ,W
R
j /W

L
j ).

When it comes to the projection map Z(d+1)
! Z(d), we have the fiber

as

(4.1) {Ud+1 |WL
d+1 ⊂ Ud+1 ⊂ V }.

Since Ud+1 is isotropic, we earn the inclusion Ud+1 ⊂ (WL
d+1)

⊥ auto-
matically. Consequently (4.1) must be the orthogonal Grassmannian
OG(ld+1, (W

L
d+1)

⊥/WL
d+1).

Knowing that WL
1 and WR

1 are also subspaces of Vn, the last part of the
proposition is verified. □

Let E ! Y be a rank n vector bundle of a smooth variety Y . Let π :
Gr(k,E) ! Y denote the ordinary Grassmannian bundle of k-dimensional
subspaces of the fibers of E over Y . The cokernel of the imbedding of π−1TY
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in TGr(k,E) is the relative tangent bundle TGr(k,E)/Y over Y , producing

0 −! π−1TY −! TGr(k,E) −! TGr(k,E)/Y −! 0.

Let S be the subbundle of the pullback π−1(E) and let Q be the quo-
tient bundle on Gr(k,E). Then by [13, B.5.8] the relative tangent bundle
TGr(k,E)/Y is canonically isomorphic to

(4.2) Hom(S,Q) ∼= S∨ ⊗Q.

This isomorphism was used by Jones [24] for type A. When Y is a point,
the Grassmannian bundle becomes the classical Grassmannian [12, Section
6]. Principally, we can make a connection with a classical geometry about
tangent spaces of Grassmannian Gr(k,E) of k-planes in a vector space E
of dimension n over C: for a subspace Λ in Gr(k,E), the tangent space
of Gr(k,E) at Λ is naturally isomorphic to Hom(Λ, E/Λ) = Λ∨ ⊗ E/Λ [20,
Example 16.1].

Likewise of the ordinary Grassmannian case, we consider a vector bundle
E ! Y of rank 2n over a smooth variety Y where E is equipped with the
quadratic form q on it. Let OG(k,E ) be the orthogonal Grassmannian bun-
dle of dimension k subspaces in the fibers of E over Y . Let p : OG(k,E ) ! Y
be a projection map from OG(k,E ) on Y and S the rank k isotropic sub-
bundle of p−1(E ). Then we obtain the following general fact regarding the
relative tangent bundle TOG(k,E )/Y .

Lemma 4.2. The relative tangent bundle TOG(k,E )/Y fits into a split exact
sequence

0 ! S
∨ ⊗ S

⊥/S ! TOG(k,E )/Y ! ∧2
S

∨
! 0,

so that we have

TOG(k,E )/Y
∼= (S ∨ ⊗ S

⊥/S )⊕ ∧2
S

∨.

Proof. We provide a proof of what seems to be this folklore lemma, inspired
by [30, Lemma 3.1] which is originated from Harris [20, Example 16.1].

Let Gr(k,E ) ! Y be the (ordinary) Grassmannian bundle of dimen-
sion k subspaces in the fibers of E over Y . Then we have TOG(k,E )/Y !֒
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TGr(k,E )/Y = S
∨ ⊗ E /S . We define a map

ϕ : S
∨ ⊗ E /S ! S

∨ ⊗ S
∨

of vector bundles by ϕ = ι⊗ ψ for the identity map ι : S
∨
! S

∨ and the
map

ψ : E /S ! E /S ⊥ ∼= S
∨.

Since TOG(k,E )/Y is the inverse image ϕ−1(∧2 S
∨) of the wedge square

∧2 S
∨ from the symmetric form associated to the quadratic form q for

E , we have a surjective restriction map

ϕ|TOG(k,E)/Y
: TOG(k,E )/Y ! ∧2

S
∨

of ϕ to TOG(k,E )/Y for ∧2 S
∨ ⊂ S

∨ ⊗ S
∨. As the kernel ker(ϕ) = S

∨ ⊗
S

⊥/S of ϕ is included in TOG(k,E )/Y by its definition, putting all together
proves the lemma. □

In the same manner of [12, Section 6] we have a classical version for the
tangent spaces of orthogonal Grassmannian at a point.

Corollary 4.3. For k ≤ n, let OG(k,E ) be a orthogonal Grassmannian of
isotropic k-planes in a vector space E of dimension 2n. Let Λ ∈ OG(k,E )
be a k-plane. Then we have a natural identification

TΛOG(k,E ) = (Λ∨ ⊗ Λ⊥/Λ)⊕ ∧2Λ∨.

The above corollary is an analogy as to the tangent space of isotropic
Grassmannians shown in the proof of [30, Lemma 3.1]. The following the-
orem exhibits the Chern class of the tangent bundle of the locus Zα with
respect to universal bundles on X.

Theorem 4.4. Let Zα ! S(α) be the IH-small resolution for a Schubert
variety S(α) ⊂ OG′(n, V ) (or resp. OG′′(n, V )) associated to α ∈WP . Then
the Chern class of TZα is given by

c(TZα) =

d∏

i=1

c((U i/W
L
i )

∨ ⊗ (WR
i /U i))c

(
∧2(Ud+1/W

L
d+1)

∨
)
.

Proof. We know from Proposition 4.1 that Z(j) is an ordinary Grassmannian
bundle over Z(j−1) for 1 ≤ j ≤ d. Thence, the similar argument in the proof
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of [24, Theorem 4.3.3] works. Particularly we attain

c(TZ(d)) =

d∏

i=1

c((U i/W
L
i )

∨ ⊗ (WR
i /U i)).

Recall that ld+1 = kd+1 − dim(WL
d+1) and Z(d+1) is an isotropic Grass-

mannian bundle over Z(d). These implicate

Z(d+1) ∼= OG(ld+1, (W
L
d+1)

⊥/WR
d+1)

with the projection map OG(ld+1, (W
L
d+1)

⊥/WR
d+1) ! Z(d) restricted by the

map ϕ : X(d+1)
! X(d). Since Ud+1/W

L
d+1 is the universal subbundle of

OG(ld+1, (W
L
d+1)

⊥/WR
d+1), by Proposition 4.2 we have a canonical isomor-

phism

TOG(ld+1,(WL
d+1)

⊥/WR
d+1)/Z

(d)

∼= ((Ud+1/W
L
d+1)

∨ ⊗ ((Ud+1/W
L
d+1)

⊥/Ud+1/W
L
d+1)

⊕ ∧2(Ud+1/W
L
d+1)

∨.

As (Ud+1/W
L
d+1)

⊥/Ud+1/W
L
d+1 is trivial, we arrive at

c(TOG(ld+1,(WL
d+1)

⊥/WR
d+1)/Z

(d)) ∼= c(∧2(Ud+1/W
L
d+1)

∨)

as desired. □

As to Schubert varieties, Pragacz [32, 33] validated that the cohomology
class for the varieties in orthogonal or symplectic Grassmannians can be
decided by Schur P or Q-functions which are certain universal polynomials
in Pfaffians. Let us look into these two families of polynomials.

The first family is about the Q-functions. Let λ = (λ1 > . . . > λN ) be a
strict partition whose length ℓ(λ) is N . For k ̸= l, we set

(4.3) Q̃kl(E) := ck(E) · cl(E) + 2

l∑

j=1

(−1)jck+j(E) · cl−j(E),

satisfying Q̃kk(E) = 0 and Q̃kl(E) = −Q̃lk(E) in the Chow group A∗(Y ) of
Y . Specifically Q̃k(E) := Q̃k0(E) = ck(E) for k ≥ 0. Assume that N is even.
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If not, we may put λN = 0. Then we define

Q̃λ(E) := Pf(Q̃λiλj
(E))1≤i<j≤N

where Pf indicates the Pfaffian of the skew-symmetric matrix. The Pfaffians
Q̃λ form a basis of the ring

(4.4) Γ = Z[Q̃1, Q̃2, . . .]/(Q̃
2
k + 2

k∑

j=1

(−1)jQ̃k+jQ̃k−j , k ≥ 1)

over Z. The second family is about the P-functions. In this family, we may
assume that the Chern class of the vector bundle E is divisible by 2. We
define

P̃λ(E) :=
1

2ℓ(λ)
Q̃λ(E).

In particular, P̃i(E) = ci(E)/2. We observe from the equation (4.3) that

P̃kl(E) = P̃k(E) · P̃l(E) + 2

l−1∑

j=1

(−1)jP̃k+j(E) · P̃l−j(E) + (−1)lP̃k+l(E).

Here is the lemma addressing the relation of the class of Schubert variety,
a Schubert class in the even orthogonal Grassmannians to the Pfaffians.

Lemma 4.5 ([34, Theorem 2.1]). Let V be a 2n-dimensional vector space
over C and it is equipped with a nondegenerate quadratic form. Then the
Schubert class for some partition α in the Chow group A∗(OG

′(n, V )) (resp.
A∗(OG

′′(n, V ))) is

[S(α)] = P̃α(U
∨),

where U is the tautological subbundle on OG′(n, V ) (resp. OG′′(n, V )).

In addition we have the dual Schubert class
[
S̃(α)

]
given by

P̃ρ(n−1)\α(E
∨) for the strict partition ρn−1 = (n− 1, n− 2, . . . , 1) such that

∫

OG′(n,V )
[S(α)] ·

[
S̃(α)

]
= 1.

Here ρ(n− 1)\α is the complement partition of α in ρ(n− 1). Another rel-
evant reference for these discussions can be [34, Section 2].

The following theorem suggests the way of finding the coefficients in the
Schubert class of the pushforward π∗cSM (Zα).
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Theorem 4.6. Let U be the pullback of the universal tautological subbundle
on OG′(n, V ) (resp. OG′′(n, V )). The coefficient γα,β of the Schubert class[
S(β)

]
in π∗cSM (Zα) is computed by

γα,β =

∫

Zα

c(TZα) · P̃ρ(n−1)\β(U
∨) ∩

[
Zα

]
.

Proof. Let S̃(β) be the dual Schubert variety to S(β). Since the two Schubert
classes are dual to each other under the pairing of Poincaré duality, we have∫
OG′(n,V )

[
S(β)

]
·
[
S̃(β)

]
= 1. Then the constant γα,β can be expressed by

γα,β =

∫

OG′(n,V )
π∗cSM (Zα) ·

[
S̃(β)

]
.

As the locus Zα is nonsingular such that cSM (Zα) = c(TZα) ∩
[
Zα

]
, the

integral becomes

∫

OG′(n,V )
π∗(c(TZα) ∩

[
Zα

]
) ·
[
S̃(β)

]
.

Combined with the class
[
S̃(β)

]
= P̃ρ(n−1)\β(U

∨) ∈ A∗(OG
′(n, V )) (resp.

A∗(OG
′′(n, V ))) from Lemma 4.5 and the projection formula [13, Proposi-

tion 2.5(c)], we conclude

γα,β =

∫

OG′(n,V )
π∗

(
(c(TZα) ∩

[
Zα

]
) · π∗

[
S̃(β)

])

=

∫

Zα

c(TZα) · P̃ρ(n−1)\β(U
∨) ∩

[
Zα

]
,

suppressing the pullback notation for vector bundles. (cf. [13, proof of
Lemma 12.1]). □

We will discuss some properties of γα,β later in Remark 5.7. It is well-
known that the characteristic cycles of IC-sheaves associated to cominuscule
Schubert varieties are irreducible if and only if their Dynkin diagram is
simply laced [4]. Since the Dynkin diagram of type D is simply laced, the
characteristic cycles associated to such Schubert varieties are irreducible:



✐

✐

“6-Jeon” — 2023/9/2 — 2:04 — page 488 — #26
✐

✐

✐

✐

✐

✐

488 Minyoung Jeon

Theorem 4.7 ([4, Theorem 7.1A]). Let S(α) ⊂ OG′(n, V ) (resp.
OG′′(n, V )) be a Schubert variety and IC•

S(α) be the corresponding inter-
section cohomology sheaf. Then

CC(IC•
S(α)) =

[
T ∗
S(α)◦OG

′(n, V )
]
.

The irreducibility of CC(IC•
S(α)) and Theorem 2.4 enable us to have the

Chern-Mather class of S(α) via the pushforward of c(TZα) for the IH-small
resolution Zα ! S(α) of the Schubert variety S(α).

Remark 4.8. The Chern-Mather classes of Schubert varieties in (types A
and D) Grassmannians are always positive [29, Corollary 10.5, Proposition
10.3]. In other word, γα,β > 0.

4.2. Explicit computations

We recall some basic formulas in [13] before our explicit example-
computation on the Chern-Mather class of a Schubert variety.

Let X be an algebraic variety over C. Suppose that E and F are vector
bundles of rank e and f respectively over X. Let λ = (λ1, . . . , λN ) and µ =
(µ1, . . . , µN ) be nonnegative decreasing integer sequences of length N with
µi ≤ λi for 1 ≤ i ≤ N , i.e., µ ⊂ λ. We denote by |ai,j |1≤i,j≤N the determinant
of the matrix (ai,j)1≤i,j≤N and

(
c
d

)
the binomials. The integer DN

λµ is defined
by the determinant

DN
λµ =

∣∣∣∣
(
λi +N − i

µj +N − j

)∣∣∣∣
1≤i,j≤N

.

Using these notations, the total Chern class of the tensor product of E∨ and
F can be written as the sum

(4.5) c(E∨ ⊗ F ) =
∑

De
λµsµ(E)s

λ̃′(F )

over µ ⊂ λ for the partition 0 ≤ λn ≤ · · · ≤ λ1 ≤ f bounded by the rank f .
Here sν(A) is the Schur determinant [13, Section 14.5] for a partition ν at
the Segre classes of A and λ̃′ is the conjugate partition to the partition
λ′ = (f − λn, . . . , f − λ1).
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If the Chern roots of E are α1, . . . , αr, then the exterior power of E is
given by the product

(4.6) cr(∧pE) =
∏

i1<···<ir

(1 + (αi1 + · · ·+ αir)t).

Let us state the algebraic version of Bott Residue formula [11, The-
orem 3]. Let T = (C∗)n be a maximal torus of G. Suppose X is a smooth
complex projective variety and has a T -action on it. Given T -equivariant vec-
tor bundles E1, E2, . . . , En over X, we denote by P (E) a polynomial in the
Chern classes of the vector bundles E1, . . . , En. We also denote by cTj (Ei) the

equivariant Chern classes of Ei for i = 1, . . . , n and P T (E) the polynomial
in the equivariant Chern classes of the Ei for i = 1, . . . , n which specializes
to the polynomial P (E). Let πX∗ : A

T
∗X ! RT be the push-forward induced

by the projection πX ! pt. One can replace X by any component F of XT .

Theorem 4.9 (Bott Residue Formula). The integral of P (E) over X
is the sum

∫

X
P (E) ∩ [X] =

∑

F⊂XT

πF∗

(
P T (E|F ) ∩ [F ]T

cTdF
(NFX)

)
,

over the connected components F of XT where NFX is the normal bundle
over X at F such that dF is the rank of NFX as well as the codimension of
F in X.

We note that the connected components F of XT are smooth and ad-
mit normal bundles NFX. We additionally need the lemma below to apply
Theorem 4.9.

Lemma 4.10 ([24, Lemma 5.1.4]). Let X be a variety with a trivial T -
action. Suppose Eχ ! X is a T -equivariant vector bundle of rank r over X
and the T -action in Eχ is given by the character χ. Then the T -equivariant
Chern class of the vector bundle Eχ is

cTi (Eχ) =
∑

j≤i

(
r − j

i− j

)
cj(Eχ)χ

i−j .
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Furthermore, if X is a point, it becomes

cTi (Eχ) =

(
r

i

)
χi ∈ RT ,

since the only term contributed in the summation is j = 0. Here RT
∼=

Z [t1, . . . , tn] is the T -equivariant Chow ring of a point.

Now we are ready to provide an example demonstrating the computation
for the Chern-Mather class of a Schubert variety when n = 5. Note that the
set ZT

α of T -fixed points is finite in general [24, Lemma 5.1.3].

Example 4.11. Let V be a vector space of dimension 10 over C, equipped
with a quadratic form on it, and have the ordered basis

e1 < · · · < e5 < e5̄ < · · · < e1̄.

We deal with a Schubert variety S(α) ⊂ OG′′(5, V ) of dimension 8 with
α = (3, 5) and compute the constant γα,β for α = (3, 5), β = (3, 4). For Vi =
⟨e1, . . . , ei⟩ for 1 ≤ i ≤ 5, we fix a complete isotropic flag

V• = (0 ⊂ V1 ⊂ · · · ⊂ V5 ⊂ V ⊥
4 ⊂ · · · ⊂ V ⊥

1 ⊂ V ).

With the associated matrix H =

[
3 5
1 1

]

α

of d = 1, the construction for the

IH-small resolution of singularity for S(α) leads to the locus Zα = Z1 as

Zα = {(U1, U2) | 0 ⊂ U1 ⊂ V3, dim(U1 ∩ U2) ≥ 1} ⊂ OG(1, V )×OG′′(5, V ).

We proceed with Theorem 4.4 to reach the Chern class of the tangent
bundle over Zα as

c(TZα) ∼= c(U∨
1 ⊗ (V 3/U1)) · c(∧2(U2/U1)

∨).

As for the class of Schubert variety S(β) represented by the function

P̃(2,1)(U
∨
2 ) in A∗(OG

′′(n, V )), we derive the dual Schubert class for S̃(β)
by the Pfaffian

[
S̃(β)

]
= P̃(4,3)(U

∨
2 ),

associated to the partition ρ(4)\(2, 1) = (4, 3) [34, Page 13]. Combining all
together, the coefficient γα,β associated to α and β is computed by the
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integration

γα,β =

∫

Zα

(c1(U
∨
1 ⊗ (V 3/U1)) + c1(∧2(U2/U1)

∨)) · c4,3(U∨
2 ) ∩

[
Zα

]
.

In order to use the the Bott Residue Formula, let us describe
the T -fixed points ZT

α of Zα. Given i1 ∈ {1, 2, 3} and i2, . . . , i5 ∈
{1, . . . , 5, 5̄, . . . , 1̄}\{i1, ī1} such that ei2 < · · · < ei5 and the number of
barred integers in {i1, . . . , i5} are even, we have 24 torus-fixed points
p• = (⟨ei1⟩, ⟨ei1 , . . . , ei5⟩). For instance, if i1 = 1 is taken, there are 8 fixed
points:

p1 :=(⟨e1⟩ ⊂ ⟨e1, e2, e3, e4, e5⟩), p2 := (⟨e1⟩ ⊂ ⟨e1, e2, e3, e5̄, e4̄⟩),
p3 :=(⟨e1⟩ ⊂ ⟨e1, e2, e4, e5̄, e3̄⟩), p4 := (⟨e1⟩ ⊂ ⟨e1, e2, e5, e4̄, e3̄⟩),
p5 :=(⟨e1⟩ ⊂ ⟨e1, e3, e4, e5̄, e2̄⟩), p6 := (⟨e1⟩ ⊂ ⟨e1, e3, e5, e4̄, e2̄⟩),
p7 :=(⟨e1⟩ ⊂ ⟨e1, e4, e5, e3̄, e2̄⟩), p8 := (⟨e1⟩ ⊂ ⟨e1, e5̄, e4̄, e3̄, e2̄⟩).

We use a one-parameter subgroup C∗ ⊆ T such that ZT
α = ZC

∗

α

with generic weights. Suppose the weights of the C∗-action on V are
[w1, . . . , w5,−w5, . . . ,−w1] = [1, . . . , 5,−5, . . . ,−1] . Without loss of gener-
ality, we fix a T -fixed point p• = (⟨ei1⟩, ⟨ei1 , . . . , ei5⟩). According to (4.5)
and (4.6), the C∗-equivariant Chern classes of the bundles restricted to a
point are presented by

cC
∗

1 (U∨
1 ⊗ (V 3/U1)) = (−3wi1)t,

cC
∗

1 (∧2(U2/U1)
∨)) = (−3wi2 − · · · − 3wi5)t,

P̃C
∗

(4,3)(U
∨
2 ) =

1

22
(cC

∗

4 (U∨
2 ) · cC

∗

3 (U∨
2 )− 2cC

∗

5 (U∨
2 )c

C
∗

2 (U∨
2 )

+ cC
∗

6 (U∨
2 )c

C
∗

1 (U∨
2 )− cC

∗

7 (U∨
2 )),

given the total C∗-equivariant Chern class of U∨
2 as

cC
∗

(U∨
2 ) = (1− wi1t) · (1− wi2t) · (1− wi3t) · (1− wi4t) · (1− wi5t).

In addition, because of cTdF
(NFX) = cTdim (X)(TX), the denominator of the

formula would be

cC
∗

8 (TZα) = 3w2
i1 · (wi2 + wi3) · (wi2 + wi4)

· (wi2 + wi5) · (wi3 + wi4) · (wi3 + wi5) · (wi4 + wi5)t
8.
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To that end, the single term for this point p• of the Bott Residue formula
applied yields the rational number

(−3wi1 − · · · − 3wi5) ·
(
1/t7 · P̃C

∗

(4,3)(U
∨
2 )
)

3w2
i1
· (wi2 + wi3) · (wi2 + wi4) · (wi2 + wi5) · (wi3 + wi4) · (wi3 + wi5) · (wi4 + wi5)

.

Summing up the rational numbers over all the 24 T -fixed points with
the weights of C∗-action on V finally results in the constant

γα,β = 6.

Remark 4.12. Since Q̃kk vanishes for all k, any symmetric polynomials in
w2
1, . . . , w

2
n must set to be 0 in any computations for the number γα,β . See

[34, Proposition 4.2] for details.

Likewise we can accomplish the Chern-Mather class of a Schubert variety
S(α) ⊂ OG′(5, V ) associated to α as a sum indexed by β ⊆ α. Let us list
partitions labelled for convenience as the followings:

(3, 5) = α0, (3, 4) = β0, (1, 4) = β3, (2, 3, 4, 5) = γ0, (1, 2, 3, 5) = γ3,

(2, 5) = α1, (2, 4) = β1, (1, 3) = β4, (1, 3, 4, 5) = γ1, (1, 2, 3, 4) = γ4

(1, 5) = α2, (2, 3) = β2, (1, 2) = β5, (1, 2, 4, 5) = γ2.

Schubert varieties in OG′′(5,C10) that admit their IH-small resolutions
are the one associated to the 5 partitions

(3, 5) = α0, (2, 5) = α1, (1, 5) = α2, (1, 3) = β4, (1, 2) = β5.

In Table 1, the left most column indicates the indices for the Schubert
varieties having the Sankaran and Vanchinathan’s IH-small resolution and
the top row is for all indices β which is less than equal to the corresponding
index α in the first column. Using these partitions, the coefficients γα,β of
the Chern-Mather classes [cM (S(α))] |β are listed below so that the Mather
class of S(α) is calculated by the sum of each row that corresponds to the
classes of sub-Schubert varieties contained in S(α).

From this table 1, we can read an expansion

[cM (S(α2))] = [S(α2)] + 6
[
S(β

3
)
]
+ 16

[
S(β

4
)
]
+ 24

[
S(β

5
)
]

+ 24
[
S(γ

1
)
]
+ 44

[
S(γ

2
)
]
+ 24

[
S(γ

3
)
]
+ 8

[
S(γ

4
)
]
,
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Table 1: Chern-Mather classes of Schubert varieties in OG′′(5,C10)

α0 β0 α1 β1 α2 β2 β3 β4 γ0 β5 γ1 γ2 γ3 γ4

α0 1 6 6 34 17 60 88 174 72 144 204 204 84 24

α1 · · 1 6 5 16 28 68 24 70 92 112 52 16

α2 · · · · 1 · 6 16 · 24 24 44 24 8

β4 · · · · · · · 1 · 4 4 14 14 8

β5 · · · · · · · · · 1 · 4 6 4

and see that the only Schubert classes appeared in the expansion are the
ones corresponding to sub Schubert varieties of S(α2). In other words, there
are no partitions greater than α2 in the sense of the order presented in
Section 3.1. For instance, since S(α2) ⊉ S(α0) with α2 ≤ α0, the coefficient
of [S(α0)] must be zero.

One may represent a Schubert variety S(α) by a Young diagram that
corresponds to a partition λ (or Young diagrams) as its codimension or a
cohomology class

[
S(β)

]
= P̃λ(U

∨), which appears in some other literatures,
for instance [22, 29].

We notice that there is no such a direct pushforward of the IH-small
resolution of singularity Zα ⊂ X to the type D flag variety as in the ordinary
(type A) cases [24, Section 5.4], attributed to the limitation of the IH-small
resolution by Sankaran and Vanchinathan.

5. Kazhdan-Lusztig classes of Schubert varieties

The characteristic cycles of IC-sheaves over Schubert varieties in the La-
grangian Grassmannians may not be irreducible in contrast to Schubert va-
rieties in the even orthogonal Grassmannians. This prevents us from directly
handling the Chern-Mather classes of Schubert varieties in Grassmannians
of type C. Instead, we establish Kazhdan-Lusztig classes of Schubert vari-
eties in the Lagrangian Grassmannians on account of Theorem 2.5 in this
section. We also discuss Kazhdan-Lusztig classes and the Mather classes of
Schubert varieties in the odd orthogonal Grassmannians later this section.
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5.1. Type C

Let V be a vector space of dimension 2n over C, equipped with a nonde-
generate symplectic form. We take a strictly increasing sequence α = (1 ≤
α1 < α2 < · · · < αs ≤ n) of nonnegative integers. Inside a isotropic partial
flag FlC(α;V ) of type C, let

Vα1
⊂ · · · ⊂ Vαs

⊂ V

be an isotropic partial flag such that dim(Vαi
) = αi. The Schubert variety

S(α) is defined to be

S(α) = {L | dim(L ∩ Vαi
) ≥ i for all 1 ≤ i ≤ s}

of dim S(α) =
∑s

i=1 αi + (n+ 1)(n− s)− 1

2
n(n+ 1) in the Lagrangian

Grassmannian LG(n, V ) = Sp(2n)/P parametrizing the maximal isotropic
subspaces of V . Analogously this locus is the closure of the Schubert cell
S(α)◦ in which the equality holds, and a Schubert variety S(β) associ-
ated to β = (1 ≤ β1 < β2 < · · · < βr ≤ n) is included in S(α) if s ≤ r and
α1 ≥ β1, . . . , αs ≥ βs.

The construction of a IH-small resolution is exactly akin to the one
for type D, but OG′(n, V ) (resp. OG′′(n, V )) is replaced by LG(n, V ).

That is, Zα ⊂ XC :=
(∏d

i=1 LG(ki, V )
)
× LG(n, V ) is the IH-small reso-

lution of singularity for S(α) where WL
j ⊂ Uj ⊂WR

j for 1 ≤ j ≤ d and

WL
d+1 ⊂ Ud+1 ⊂ V . We summarize the facts concerning the IH-small resolu-

tion Zα ! S(α) for Schubert varieties in LG(n, V ) by Sankaran and Vanchi-
nathan with assumptions for the IH-small resolution to exist.

Theorem 5.1 (Sankaran and Vanchinathan). Let S(α) ⊂ LG(n, V )
be a Schubert variety associated to α = (1 ≤ α1 < α2 < · · · < αs ≤ n) and

H =

[
q1 · · · qd
a1 · · · ad

]

α

. Let αs ≤ n− s, qd < n+ 1− ad and (ad + · · ·+ ai)−

(bd−1 + · · ·+ bi) < n+ 1− qd for i ≥ 1. Then

1) For such α, the locus Zα is a nonsingular projective variety.

2) π : Zα ! LG(n, V ) is a proper mapping onto S(α) and is isomorphic
over S(α)◦. Thus it is a resolution of singularities.

3) π : Zα ! S(α) is the IH-small resolution.
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The notations, which are not specified are adapted from Section 4 and
will be used for the rest of this article.

The proof of [24, Proposition 4.2.6] used that a point U is smooth if and
only if it is rationally smooth for Schubert varieties in type ADE [8]. Ra-
tionally smoothness approximates the smoothness via cohomological criteria
and is related to the stalk Euler characteristic of the intersection cohomology
sheaf. The equivalences in Proposition 3.5 are valid even for Schubert vari-
eties in Lagrangian Grassmannians (type C), since smoothness implies the
rational smoothness as for Schubert varieties. Rationally smoothness of the
point U implies the statement (2) of Proposition 3.5 as shown in the proof
of [24, Proposition 4.2.6]. In general, smoothness and rational smoothness
for Schubert varieties in type C are not equivalent. Especially a rationally
smooth Schubert variety is smooth only when it corresponds to an element
that is 12̄-avoiding in the Weyl group WC

n of type C (or an element embed-
ded to a 4231-avoiding in the Weyl group WA

2n of type A) [3, Addendum
13.3].

Let Y be a smooth variety equipped with an isotropic vector bundle
E ! Y with respect to the symplectic form. Then we take the isotropic
Grassmannian bundle IG(k, V ) of dimension k subspaces of the fibers of
E over Y with a projection map p : IG(k,E ) ! Y . We note that if k = n,
the isotropic Grassmannian IG(k,E ) is called the Lagrangian Grassmannian
bundle LG(n,E ). The following lemma is a widely renowned fact about the
decomposition of the tangent bundle over a smooth variety, which is applied
to find a description for the Chern class of a tangent bundle of the resolution
of singularity.

Lemma 5.2. The relative tangent bundle TIG(k,E )/Y fits into a split exact
sequence

0 ! S
∨ ⊗ S

⊥/S ! TIG(k,E )/Y ! Sym2
S

∨
! 0,

so that

TIG(k,E )/Y
∼= (S ∨ ⊗ S

⊥/S )⊕ Sym2
S

∨.

Proof. The lemma follows by the proof contained in [30, Lemma 3.1] mo-
tivated by [20]. We take an even dimensional isotropic vector bundle on Y
instead of the complex vector space, equipped with a nondegenerate sym-
plectic form. (c.f. see Lemma 4.2 for details.) □

According to [12, Section 6] as before, we explicitly state the following
corollary implicitly contained in the proof of [30, Lemma 3.1].
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Corollary 5.3 ([30]). For k ≤ n, let IG(k,E ) be an isotropic Grassman-
nian of k-planes in a vector space E of dimension 2n. Let Λ ∈ IG(k,E ) be
a point. Then the tangent space TΛIG(k,E ) of the isotropic Grassmannian
at Λ is

TΛIG(k,E ) = (Λ∨ ⊗ Λ⊥/Λ)⊕ Sym2Λ∨.

We recall XC :=
(∏d

i=1 LG(ki, V )
)
× LG(n, V ). As in type D, let

X(j) :=
∏j

i=1 IG(ki, V ) and ρj : X
C
! X(j) be the projection sending

(U1, . . . , Ud+1) to (U1, . . . , Uj) for 1 ≤ j ≤ d+ 1. Let Z(j) = ρj(Zα), with
the projection Z(j)

! Z(l) for j > l. We can similarly deduce that Z(j) is a
(ordinary or isotropic) Grassmannian bundle on Z(j−1).

Theorem 5.4. Let Zα be the IH-small resolution Zα of singularity for a
Schubert variety S(α) ⊂ LG(n, V ) associated to α ∈WP . The Chern class
of the tangent bundle TZα is

c(TZα) =

d∏

i=1

c((U i/W
L
i )

∨ ⊗ (WR
i /U i))c

(
Sym2(Ud+1/W

L
d+1)

∨
)

in terms of universal bundles over XC .

Proof. To be precise Z(j) is a Grassmannian bundle over Z(j−1) for 1 ≤
j ≤ d and Z(d+1) is an isotropic Grassmannian bundle with respect to the
symplectic form over Z(d). We thus have

c(TZ(d)) =

d∏

i=1

c((U i/W
L
i )

∨ ⊗ (WR
i /U i))

and the projection

Z(d+1) ∼= IG(ld+1, (W
L
d+1)

⊥/WR
d+1) ! Z(d)

via the restriction of ϕ : X(d+1)
! X(d). Since Lemma 5.2 gives rise to a

canonical isomorphism

TIG(ld+1,(WL
d+1)

⊥/WR
d+1)/Z

(d)

∼= ((Ud+1/W
L
d+1)

∨ ⊗ ((Ud+1/W
L
d+1)

⊥/Ud+1/W
L
d+1)

⊕ Sym2(Ud+1/W
L
d+1)

∨
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for the universal subbundle Ud+1/W
L
d+1 of IG(ld+1, (W

L
d+1)

⊥/WR
d+1), the

Chern class of the relative tangent bundle would have to be

c(TIG(ld+1,(WL
d+1)

⊥/WR
d+1)/Z

(d)) ∼= c(Sym2(Ud+1/W
L
d+1)

∨)

by the same argument in the proof of Theorem 4.4. □

The Schubert class [34, Theorem 2.1] for some partition α in the Chow
group A∗(LG(n, V )) is

[S(α)] = Q̃α(U
∨),

where U is the tautological subbundle on LG(n, V ). These classes of Schu-
bert varieties form a basis of the ring Γ in (4.4). We are now in the position
to calculate integrals for coefficients in the Schubert class of the pushforward
π∗cSM (Zα) due to Theorem 4.9.

Theorem 5.5. Let U be the pullback of the universal tautological subbundle
on LG(n, V ). The coefficient γα,β of the Schubert class

[
S(β)

]
in π∗cSM (Zα)

is computed by

γα,β =

∫

Zα

c(TZα) · Q̃ρ(n)\β(U
∨) ∩

[
Zα

]
.

Proof. The overall argument of the proof basically resembles to the one in
Theorem 4.6. We denote by S̃(β) the dual Schubert variety to S(β) so that
∫
LG(n,V )

[
S(β)

]
·
[
S̃(β)

]
= 1 is satisfied. By the duality, the constant γα,β is

given by the integration

γα,β =

∫

LG(n,V )
π∗cSM (Zα) ·

[
S̃(β)

]

(a)

=

∫

LG(n,V )
π∗(c(TZα) ∩

[
Zα

]
) ·
[
S̃(β)

]
,

where cSM (Zα) = c(TZα) ∩
[
Zα

]
is applied for the equality (a). The use of

the fact
[
S̃(β)

]
= Q̃ρ(n)\β(U

∨) ∈ A∗(LG(n, V ))
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and the projection formula establishes

γα,β =

∫

LG(n,V )
π∗

(
(c(TZα) ∩

[
Zα

]
) · π∗

[
S̃(β)

])

=

∫

Zα

c(TZα) · Q̃ρ(n)\β(U
∨) ∩

[
Zα

]
,

suppressing the pullback notation for vector bundles. □

In general the KL-classes can be written as a linear combination of
Chern-Mather classes explicitly if we know the Euler obstruction correspond-
ing to each pair of α and β. The formula for the (torus equivariant) Mather
class of cominuscule Schubert varieties of type C (with the other types) is
given by [29].

The positivity of the constant γα,β can be addressed as follows.

Proposition 5.6. Let V be a 2n-dimensional vector space. Let S(α) be a
Schubert variety in Lagrangian Grassmannian LG(n, V ). In the Schubert
expansion of the KL class

KL(S(α)) =
∑

β

γα,β
[
S(β)

]
,

the coefficient γα,β is positive.

Proof. The proof of the statement is straightforward by the reasoning in [29,
Proposition 10.3]. That is, the Kazhdan-Lusztig polynomials associated to
α, β with α ≥ β are nonnegative and its constant term equals 1. Hence we
have the proposition by the equation (2.5) and the fact that CSM classes
of Schubert cells in a homogeneous space G/P are nonnegative [1, 22] for a
(complex) simple Lie group G (in particular for GL(n), Sp(n), SO(2n+ 1)
and SO(2n)) and any parabolic subgroup P ⊂ G. □

Remark 5.7. This proposition is independently proved by Aluffi, Mihalcea,
Schuermann and Su [1] according to a private communication with one of
the authors, Mihalcea. This statement will be included in their paper. In
particular, the proof of Prop. 5.6 has shown that γα,β is positive regardless
of types. In other words, the positivity property of γα,β works for Schubert
varieties in G/P of any classical types.

Here are another interesting observations related to the coefficients γα,β .
In case of Mather classes, the Mather polynomial of S(α) is a polynomial
in xℓβ corresponding to

[
S(β)

]
where ℓβ is the dimension of S(β), and it is
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known by conjectures in [29, Intro.] that the Mather polynomial is unimodal
whose terminology is defined in [38]. In Example 4.11 for (type D) even
orthogonal Grassmannian cases, the Mather polynomial Mα0

(x) of S(α0) is
given by

Mα0
(x) = x8 + 12x7 + 51x6 + 148x5 + 244x4 + 348x3 + 204x2 + 84x+ 24

which strengthens their unimodality conjectures in [29, §10.4].

We shift gears to compute an example for the coefficient γα,β of the
Schubert expansion.

Example 5.8. Let α = (2), β = (1). Let V be a 6-dimensional vector space
over C with the ordered basis

e1 < e2 < e3 < e3̄ < e2̄ < e1̄.

We fix a complete isotropic flag

V• = (0 ⊂ V1 ⊂ V2 ⊂ V3 ⊂ V ⊥
2 ⊂ V ⊥

1 ⊂ V )

where Vi = ⟨e1, . . . , ei⟩ for 1 ≤ i ≤ 3 and consider the variety S(α) =
{L | dim(L ∩ V2) ≥ 1} ⊂ LG(3, V ) of dimension 4 with the IH-small reso-
lution of singularity Zα ! S(α) by Sankaran and Vanchinathan. In light of
the fixed partial flag V• : 0 ⊂ V2 ⊂ V , we have the locus Zα as

Zα = {(U1, U2) | 0 ⊂ U1 ⊂ V2, dim(U2 ∩ U1) ≥ 1} ⊂ IG(1, V )× LG(3, V ).

By virtue of Theorem 5.5 we get

c(TZα) ∼= c(U∨
1 ⊗ V 2/U1) · c(Sym2(U2/U1)

∨).

Moreover we know that
[
S(β)

]
= Q̃(3)(U

∨
2 ) so that the dual Schubert class

of S̃(β) is given by

[
S̃(β)

]
= Q̃(2,1)(U

∨
2 ),

as ρ(3)\(3) = (2, 1). Then the constant γα,β is obtained by the integration

γα,β =

∫

Zα

(c1(U
∨
1 ⊗ C2/U1) + c1(Sym

2(U2/U1)
∨)) · c2,1(U∨

2 ) ∩
[
Zα

]
.
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We evaluate the integral, using the Bott Residue Formula with 8 torus
T -fixed points

p• = (⟨ei1⟩, ⟨ei1 , ei2 , ei3⟩)
of ZT , by the choses of i1 ∈ {1, 2} and i2, i3 ∈ {1, 2, 3, 3̄, 2̄, 1̄}\{i1, ī1}
such that ei2 < ei3 . As before, we restrict the torus T -action to a one-
parameter subgroup C∗ ⊂ T such that ZT

α = ZC
∗

α with generic weights. Sup-
pose that the weights of C∗-action on V are [w1, w2, w3,−w3,−w2,−w1] =
[1, 2, 3,−3,−2,−1] . Let us fix a T -fixed point p• = (⟨ei1⟩, ⟨ei1 , ei2 , ei3⟩). Then
the relevant C∗-equivariant Chern classes of the bundles at a point are

cC
∗

1 (U∨
1 ⊗ V 2/U1) = (−2wi1)t, cC

∗

1 (Sym2(U2/U1)
∨)) = (−3wi2 − 3wi3)t,

cC
∗

2,1(U
∨
2 ) = (−w2

i1wi2 − w2
i1wi3 − wi1w

2
i2 − wi1wi2wi3

− wi1w
2
i3 − w2

i2wi3 − wi2w
2
i3)t

3,

cC
∗

4 (TZα) = (8wi1wi2wi3(wi2 + wi3))t
4.

Therefore the rational number as a term for the T -fixed point p• of the Bott
Residue Formula applied is

(−2wi1 − 3wi2 − 3wi3) · (−w2
i1
wi2 − w2

i1
wi3 − wi1w

2
i2
− wi1wi2wi3 − wi1w

2
i3
− w2

i2
wi3 − wi2w

2
i3
)

8wi1wi2wi3(wi2 + wi3)
.

We add all over these 8 T -fixed points with the weights to have the value

γα,β = 5.

The Kazhdan-Lusztig class of the Schubert variety S(α) admitting the
IH-small resolution for n = 3 with respect to the (homology) class of Schu-
bert varieties S(β) ⊂ S(α) is displayed in Table 2 whose left most column
represents α associated to S(α) and the corresponding row indicates β
such that the coefficients γα,β of the Schubert class [S(β)] in the Kazhdan-
Lusztig class KL(S(α)) are listed. The Schubert expansion of the Kazhdan-
Lusztig class for S(α) is recovered by summing up the rows correspond-
ing to the Schubert varieties S(β) ⊂ S(α). Here (2) = α0, (2, 3) = β0, (1) =
α1, (1, 2, 3) = γ0, (1, 3) = β1, (1, 2) = β2.

As before, the · in Table 2 indicates 0 as the corresponding partitions
are greater than α1.

We notice that in n = 4 the local Euler obstruction EuS(α)(pβ) of a Schu-
bert variety S(α) at T -fixed points pβ ∈ S(α) is exactly the same as the value
of the Kazhdan-Lusztig polynomials Pα,β(1) evaluated at q = 1 by [29, Ta-
ble. 3] and (3.1). In other words the Kazhdan-Lusztig class of the Schubert
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Table 2:

α0 β0 α1 β1 β2 γ0

α0 1 3 5 14 20 8

α1 · · 1 3 8 4

variety S(α) for α = (1, 2, 4) (equivalently, the Young diagram ) is

equal to the Chern-Mather class of S(α) presented in [29, Example 6.4], as

α0 β0 α1 β1 α2 β2 β3 β4 γ0 β5 γ1 γ2 γ3 γ4
α0 1 4 7 27 25 60 92 241 45 269 183 246 132 24

where

(3) = α0, (3, 4) = β0, (1, 4) = β3, (2, 3, 4) = γ0, (1, 2, 3) = γ3,

(2) = α1, (2, 4) = β1, (1, 3) = β4, (1, 3, 4) = γ1, (1, 2, 3, 4) = γ4,

(1) = α2, (2, 3) = β2, (1, 2) = β5, (1, 2, 4) = γ2.

(5.1)

5.2. Type B

We take a 2n+ 1-dimensional vector space V over C together with a non-
degenerate quadratic form on it, and fix an isotropic partial flag

Vα1
⊂ · · · ⊂ Vαs

⊆ V

in FlB(α;V ) where the rank of the subspaces is αi of type C. We define the
Schubert variety by

S(α) = {L | dim(L ∩ Vαi
) ≥ i for 1 ≤ i ≤ s}

in the odd orthogonal Grassmannian OG(n, V ) = SO(2n+ 1)/P of dimen-
sion n isotropic subspaces of V .

Along with the isomorphism

η : OG(n,C2n+1) ! OG′(n+ 1,C2n+2) (resp. OG′′(n+ 1,C2n+2))

in [23, Section 3.5], there is a Schubert variety S′(α) such that the inverse
image of S′(α) under η is the Schubert variety η−1(S′(α)) = S(α), and the IH-
small resolution Z ′

α for S′(α) in the even orthogonal Grassmannian OG′(n+
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1,C2n+2) for some α′ of type D can be pulled back to the IH-small resolution
Zα for the Schubert variety S(α) in OG(n,C2n+1) by the diagram

(5.2)

Zα Z ′
α

S(α) S′(α).

π

η

pr1

Let XB :=
∏d+1

j=1 OG(kj , V ) for some kj , 1 ≤ j ≤ d and kd+1 = n so that

XB contains the locus Zα defined by WL
j ⊂ Uj ⊂WR

j , dim(Uj) = kj for all
j. Theorem 5.9 shows the Chern class of the tangent bundle TZα as regards
universal bundles on XB.

Theorem 5.9. For a IH-small resolution Zα for a Schubert variety S(α)
associated to α ∈WP in OG(n, V ), the Chern class of the tangent bundle
TZα on Zα is

c(TZα) =

d∏

i=1

c((U i/W
L
i )

∨ ⊗ (WR
i /U i))

× c((Ud+1/W
L
d+1)

∨ ⊗ (U⊥
d+1/Ud+1))c

(
∧2(Ud+1/W

L
d+1)

∨
)

with respect to the universal bundles on XB.

Proof. The proof is almost identical with Theorem 4.4, which boils down to
check the difference at the canonical isomorphism for the relative tangent
bundle

TOG(ld+1,(WL
d+1)

⊥/WR
d+1)/Z

(d)

∼= ((Ud+1/W
L
d+1)

∨ ⊗ ((Ud+1/W
L
d+1)

⊥/Ud+1/W
L
d+1)

⊕ ∧2(Ud+1/W
L
d+1)

∨.

We know from rk(Ud+1) = n that (Ud+1/W
L
d+1)

⊥/(Ud+1/W
L
d+1)

∼=
U⊥

d+1/Ud+1 is the line bundle that is equivalently isomorphic to ∧2n+1V .

It follows that the first equivariant Chern class cT1 (U
⊥
d+1/Ud+1) of

the line vanishes as 0 [15, Page. 75]. Thus, using the sequence
vector bundles Z(j)

! Z(j−1) where Z(j) = {(U1, . . . , Uj) |WL
i ⊂ Ui ⊂

WR
i for 1 ≤ i ≤ j}, the Chern class of the d-th relative tangent bundle
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TOG(ld+1,(WL
d+1)

⊥/WR
d+1)/Z

(d) is expressed by

c(TOG(ld+1,(WL
d+1)

⊥/WR
d+1)/Z

(d))

∼= c((Ud+1/W
L
d+1)

∨ ⊗ (U⊥
d+1/Ud+1))c(∧2(Ud+1/W

L
d+1)

∨)

and the rest by c(TZ(d)) =
∏d

i=1 c((U i/W
L
i )

∨ ⊗ (WR
i /U i)). Putting all to-

gether, we complete the proof. □

Since the constant γα,β is obtained as in type D, we state Theorem 5.10
without the proof.

Theorem 5.10. Let U be the pullback of the universal tautological subbun-
dle on OG(n, V ). Then the coefficient γα,β of the Schubert class

[
S(β)

]
in

π∗cSM (Zα) is given by the integration

γα,β =

∫

Zα

c(TZα) · P̃ρ(n)\β(U
∨) ∩

[
Zα

]
.

We can carry out the computation for γα,β as before either with Theo-
rem 5.9 and Theorem 5.10 or just by evaluating the weight for the basis en̄
to be 0.

The Chern-Mather classes of Schubert varieties in the even orthogonal
Grassmannian is closely related to the Kazhdan-Lusztig class in the odd
orthogonal Grassmannian: let S(α) be a Schubert variety in OG(n,C2n+1)
and S′(α) a Schubert variety in OG′(n+ 1,C2n+2). The Kazhdan-Lusztig
class KL(S(α)) of S(α) is equal to the Chern-Mather class cM (S′(α)) of the
Schubert variety S′(α),

KL(S(α)) = cM (S′(α))

by the commutative diagram (5.2) with Theorem 2.4 and Theorem 2.5. In-
deed, the Kazhdan-Lusztig class of S(α) does agree with the Mather class
of S(α) in OG(n,C2n+1), because of the isomorphism of Schubert varieties
between the types B and D Grassmannians.
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